
r DETERMINATION O F  MEAN ELEMENTS 
FOR VINTI'S SATELLITE THEORY 

N. L. Bonavito 

I 

Goddard Space ?light Center 

XEROI, 
P O P I  

X E R O  
1 C O P Y  

a i  



1 

C., 

hod developed by Vinti for predicting the motion of an 

ar t i f ic ia l  satell i te is used to obtair, the f i r s t  o r d e r  par t ia l  der ivat ives  in the 

conditional equations. 

grams to determine the mean elements  of Vinti's theory,  corresponding 

to a separable  Hamiltonian. The r e s u l t s  have been programmed and 

tested on the IBM 7094 Mod. 11. 

These in turn a r e  used in  orbi t  improvement p ro -  

INTRODUCTION 

7.- The kinetic equations of motion (Vinti 1959) constitute a reduction of 

the problem of ar t i f ic ia l  satell i te motion to quadratures .  Solution fo r  the 

re ference  orb i t  cons is t s  of inverting these equations to find the coordi-  

nates p and 71 as functions of time. The ai and 

I - 
. 

(i  = 1 , 2 , 3 )  a r e  the 

Jacobi constants. If the initial conditions a r e  known, one can readi ly  

evaluate the ui . 
J i  

Then if one can evaluate the integrals,  one can evaluate the 

Evaluating the integrals an6 consequently performing the required inver - 
s ion  depend on factoring the quar t ics  F ( p )  and G(7). These  a r e  given by 

Compar ison  of the two express ions  for  F(p) leads to four a lgebraic  

equations for the quantities p l ,  p2 , A ,  and B in t e r m s  of 01, Q2, (23.  P ,  

and cz . H e r e  we use  the constants of the motions /$ , f l 2 ,  F 3 ,  and 

T--1 
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obtainable f r o m  initial conditions. One can then find q, and q2 explicitly, 

and pr , p 2 ,  A ,  and B, by success ive  approximations through order Ji, 
where J2 is the coefficient of the second zonal harmonic of the planet's 

grzvitational potential. 

.! There is another s e t  of elements introduced by Izsak (Iasak 1960) 

w h i c h  resu l t  in  the immediate f a c t o r k g  of the quar t ics  F ( p )  and G(?)  9 

These are p , ,  ,f$, 03, and 

1 
a = -  2 ( P ,  t f 2 ) .  

It is possible to expres s  al, a2, a3, 

in t e r m s  of a ,  e ,  and I .  To obtain a ,  e,  and I,  we f i r s t  approximate 

them by a,, e,, , and io, compute the orbit by the above method, compare 

resu l t s  with 'observat ions over  an interval of t ime ,  find residuals ,  and 

then do i t era ted  differential cor rec t ions  (Bonavito 1962, 1964)- 

q o ,  T ~ ,  p, , p z ,  A , and B explicitly 

0 
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Sincc thc: intc-gritncls contain double valued functions, Vinti has int ro-  

duced a se t  of tiniformizing var iables  E ,  V ,  and J / ,  to simplify them. 

These a r e  defined a s  var iab les  analogous to the eccentr ic  anomaly, t rue  

anomaly, and argument  of latitude respectively.  

Let Lo denote a n y  observed quantity charac te r i s t ic  of the method of 

t racking of the satellite. 

cosine for the mini t rack radio sys t em,  a range r a t e  for doppler tracking, 

or  a right ascension or declination for optical tracking. Denoting 8 ,  e, 

T ~ ,  Dr , &, and p3 by q, ( i  = 1 , 2 ,  . . .6), we can  then wr i te  the conditional 

equations as 

F o r  example,  this can represent  a direct ion 

Z-Iere LE r ep resen t s  the computed value of the observed quantity. The 

i i r s t  der ivat ives  a r e  given by the equation 

"L, 

With use of the appropriate  t ransformations,  the expressions obtained 

for L'., ;3Lc/;fx , ~>LC/dym, and 3Lc/3zm, wi l l  depend only on the local 

roordinates .  

coordinates  x , y , Z ,  computed  by the Vinti orbi! p,:c.~icr;itor f o r  spc(.Ific 

obsc rvation t imes .  

One can then determine them from thc values of the i n e r t i a l  
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By means of the equations 

p = a(1 - e cos E), 

TI z qo s i l t  3, 

the iner t ia l  coordinates can be wri t ten 

and 

z = a ( l  - e c o s  E) 7 sin 4. 
a 

One can der ive  the formulas  for axm/dqi , ay,/aqi, and azm/aqi  in f 
> 

t e r m s  of p ,  q , and q!~ by d i rec t  differentiation of x ,  y , z , with respec t  

to a, e,  a r e  

iunctions of the uniformizing var iables ,  it is necessary to obtain the 

express ions  for  dE/ctq, , and O$!;jq, (Bunavito 1964). 

This can be pe r fo rmed  in the following manner: 

Differentiating the expressions on page 199 of reference 5 (Vinti 1961), 

' l o ,  /TI , & ,  and /$. Sincc the coordinates x , y , and 

we list 
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Jq 
3 .  - by using v = Ms t v,, E = Mo t E , ,  and the anomaly connec- 

tions. 

+, t3M, aE, 
3qi h, dq j 

% 

4. - , -, and - 

5 .  by using v = MP t v,, t v ;  , E  = M, t E, t E , ,  and the anomaly 
*q1 

connections . 

with u s e  of v = Ms t v, t v1 t v 2 ,  E = M, + E, + 7 .  Then - av2 

dq I 

E, t E,, and the anomaly connections, which gives 

9. ax , where x is a n  angle that equals I,!J whenever $ is a multiple 
agl 
of f , and which also sa t i s f ies  the  equation 

2 
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d(:riv;ttivcs f<Jr iisc with any method of tracking whatsoever after deciding 

on the fo rm of L,. and i t s  par t ia l  derivative with r e spec t  to the local 

coordinates (Bonavito 1964). Correct ions to the orb i ta l  e lements  A q i  

a r e  computed by an i terated l eas t  square procedure a f te r  a sufficient 

n u m b e r  of observations a r e  obtainec;, a minimum of s ix  conditional equa- 

t i o n s  being necessary  to determine ;>he problem. Classically speaking, 

the initial coordinatcs of the sys tem point a r e  shifted in p a  q phase 

space s u c h  that the continuous evolution of a canonical transformation 

wi th  th i s  new value of the Hamiltonian produces a motion of a mechanical 

system consistent with obscrvation', in this c a s e  the satel l i te  orbi t .  

0 

In the following, u = h ( D o  - D , ) 2 / i N 1  - N2) where Do and Dc a r e  the 

s b s e r v e d  and computed comparison pa rame te r s  (i.e.: direction cosines ,  

right ascension,  declination, etc.), Nl is the number of equations of con- 

dition (201, and N, is the number of variables (6). Figure 1 is a plot over  

a n  allowed ten  i te ra t ions  of the standard deviation of fi t  (7 , t imes  l o 3  for 

direction cosine observation data f rom the Relay LI Satellite (t64031). 

7'hn --:+-.-:-- C-- - r - . - , > - + < . . -  f i L c , . - * r - t 4 ~ n c  ' 
& & A b  L I ~ C c . * L " I I  I"* uLLbycl ' lb *,"Yc-. . U & * , , A . U  1s A L  (bM> I 3 x 10-S The 

twenty equations of condition (withotit weighting fac tors )  used in  a l e a s t  

s o u a r e s  routine to find the six Izsab elements ,  extend over  a n  arc  of 

th ree  hour s .  

o t )s r - r \  ' + o r y  c 1 p t 1 ~  .11 data f r t ) m  the A N Y 4  Satellite. 

condi t i1) i i  ATP ased  for 

and the c r i t e r ion  f o r  accepting observations 1s A L  ( A M )  I 20 X 

mill i radians.  tllthough th(a Ili1rnbt.r of I tc.r<itions was extended to 

Figure  2 is a similar plot for Srnithsonian Astrophysical 

Twenty eyu<itions O f  

d r c  of seventy f i v e  hours  following injection, 
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ten,  the program converged af ter  :he third i terat ion for the R e l a y  

I 11 data, and after the second i terat ion for the data from Satellite 

-4NKA. The value of the eccentricity for each of the above sa te l l i t es  I 
I 

l i s  considerably different. Thus,  f o r  the ini t ia l  epoch, they were  

taken to be 0.23597617 for  Relay 11, and. 0.00671710 for ANKA. 

Figure 3 is a plot for  the f i r s t  sever, cquations of condition of Satellite 

A N N A  covcring a period of thch f i r s t  forty four  hours  following injec.tion. 

IVhile a convergence c r i te r ion  of 0.2 x for  the standard deviation of 

- 

t i t  \ v a s  met  u s i n g  the A N N A  data a n d  twenty equritions of condition, the 

tlieoi-v was able to meet a valuc of 0.04 x for ttie cCise of s e v e i ~  

rqua t io i i s  o f  condition. Also, it has I)c,en shown that t h c .  Vinti orbi t  

generating program computes  positions dnd v c ~ o c i t i e s  very  rapidly and  

w i t h  g rea t  accuracy (Bonavito 1962) .  

o; th,. Itc-lay 11 Satcllite extending ov(.r a five hour period, the progrCim 
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